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SUMMARY AND PROBLEMS ADDRESSED

Understanding and modeling the thermodynamics of bulk
phases is of immense practical importance and receives a
lot of attention by the scientific community. When two
such phases coexist in stable or metastable equilibrium,
an interfacial region forms, with an associated surface ten-
sion. Knowledge of the surface tension is crucial to model
processes such as nucleation. This work is a theoreti-
cal study of both the thermodynamics of bulk phases as
given by equations of state, as well as planar and curved
surfaces separating two phases in stable or metastable
equilibrium. Molecular simulations and experiments are
also employed where relevant.

The first part of the thesis reviews capabilities and chal-
lenges with established equations of state (EoS). There
are several criteria for the suitability of an EoS: accu-
racy in correlating measurements, thermodynamic con-
sistency, computational speed, computational robustness,
and predictive capability. Special attention is given to
the most accurate EoS available, namely multiparame-
ter EoS. Such EoS can exhibit artificial Maxwell loops
in the two-phase region, which makes them numerically
challenging to work with, and which prohibits their use
in important applications such as the modeling of inter-
facial phenomena by density gradient theory. The most
widely used class of EoS is cubic equations of state, ow-
ing to their low computational cost and good ability to
correlate PV Txy properties, although the description of
liquid phase properties and caloric properties can be less
satisfactory. Equations of state based on perturbation
theory, such as those based on statistical associating fluid
theory (SAFT), are preferred when predictive ability is
important, or when few experimental data are available.
An added benefit of approaches based on perturbation
theory is that one obtains an accompanying molecular
model and force field, which allows for studying the sys-
tem using molecular simulation. Predictions of critical
points with such theories are, however, often inaccurate.
A range of different EoS are tested thoroughly on the
carbon dioxide/water mixture, by fitting them to the
same, thoroughly validated PV Txy data. Comparing the
models on the same basis facilitates a general discussion
about their strengths and weaknesses.

We next turn to the development of an equation of state
for ultracryogenic fluid mixtures, namely those consisting

of helium, neon, hydrogen and deuterium. Since these
components have low masses and can exist in the liquid
state below 50 K, they exhibit significant quantum effects
and are also referred to as quantum fluids. There is a
paucity of experimental measurements of thermodynamic
properties of ultracryogenic mixtures, and none of the es-
tablished models can accurately describe their properties.
We develop an equation of state based on a third-order
Barker–Henderson perturbation theory of the Helmholtz
energy with quantum-corrected Mie pair potentials, called
SAFT-VRQ Mie. The quantum corrections are modeled
using the Feynman–Hibbs expansion, resulting in a molec-
ular model in terms of mass- and temperature-dependent
semiclassical force fields. SAFT-VRQ Mie and molecular
simulations are used to obtain optimal parameters for
the intermolecular potentials of neon, helium, deuterium,
ortho-, para-, and normal- hydrogen, as well as binary
interaction parameters for each pair of these components.
Overall, we find the semiclassical force fields to be rather
accurate, and in particular they yield a significantly more
accurate representation than classical force fields.
The SAFT-VRQMie EoS is able to describe the thermody-
namics of the semiclassical force fields also for mixtures,
except in the critical region. By revisiting the funda-
mentals of perturbation theory for binary Lennard-Jones
mixtures, we demonstrate that this breakdown does not
stem from the use of quantum corrections, but rather
from the representation of the second- and third-order
perturbation term. We also evaluate different choices of
hard-sphere reference mixtures, in particular pointing out
that common approaches based on additive hard spheres
are missing a contribution to the free energy.
The thesis next treats metastable phases, interfaces, and
nucleation. The surface tension of a curved surface differs
from its planar value, as described by the Tolman length
(first-order correction) and the rigidity constants (second-
order corrections) through the Helfrich expansion. We
explain the general theory for this dependence for multi-
component fluids, and calculate the Tolman length and
rigidity constants for an ideal mixture (hexane–heptane)
by use of density gradient theory. We show that the Tol-
man length of multicomponent fluids is independent of
the choice of dividing surface, and present simple formu-
lae that capture the change in the rigidity constants for
different choices of dividing surface. For mixtures, the
Tolman length, the rigidity constants, and the accuracy
of the Helfrich expansion depend on the choice of path
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in thermodynamic state space along which droplets and
bubbles are considered. We thorougly explore this path
dependence and identify a path that makes the expansion
particularly accurate.
These curvature corrections are next incorporated in mul-
ticomponent nucleation theory. The theory is applied to
condensation in binary mixtures of alkanols and water,
in which case classical nucleation theory (CNT) predicts
an unphysical negative number of water molecules in the
critical embryo. We show how to remove this inconsis-
tency by accounting for the curvature dependence of the
surface tension of the mixture. To that end, we determine
the Tolman lengths and the rigidity constants for the
ethanol–water and 1-propanol–water mixtures at 260 K
by combining density gradient theory with an accurate
equation of state. By properly incorporating the curva-
ture corrections into CNT for multicomponent systems,
we demonstrate that the resulting theory is free of physi-
cal inconsistencies. In particular, for the ethanol–water
and 1-propanol–water mixtures, the average error in the
predicted nucleation rates is reduced from 11–15 orders
of magnitude to below 1.5.
Finally, the thesis discusses the heterogeneous crystal-
lization of ice in supercooled binary liquids of alkanol
and water. We develop a simple, semi-empirical model
for the limit of supercooling before ice formation occurs.
The model incorporates a parameter that is fitted to ex-
periments for pure water, but is predictive for mixtures.
The predicted limits of supercooling for alkanol–water
mixtures are in reasonable agreement with experiments,
but some systematic deviations are observed. The growth
rate of ice crystals in pure water and alcohol solutions
is also studied, and found to slow down by two orders
of magnitude for mixtures containing only 2% ethanol
compared to the growth rate in pure water.
The two key innovations of the thesis are (I) the devel-
opment of a new modeling framework for mixtures of
ultracryogenic fluids, and (II) the theory and numerical
framework for handling curvature expansions of droplets
and bubbles in mixtures. These will now be discussed in
more detail.

I. KEY INNOVATION: FORCE FIELDS AND EQUATION
OF STATE FOR ULTRACRYOGENIC FLUIDS

A. Background and state of the art

For most substances of practical interest, the thermody-
namic properties of the fluid phase can be deduced from
a classical statistical mechanical point of view, either
through the development of analytical expressions (e.g.
perturbation approaches) or through direct molecular
simulations of a representative intermolecular potential.
Under certain conditions, however, the classical approxi-
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FIG. 1. Pair interaction potential for the Lennard-Jones (LJ)
potential (black, solid line) and the LJ potential with second
order Feynman–Hibbs (FH) quantum corrections (red, dashed).
The temperature is given by kBT/ε = 1, and the particle mass
is that of helium. The FH correction increases the effective
diameter σeff, and decreases the well depth εeff, compared to
the classical LJ parameters, σ and ε. The inset shows that
the effective range of the potential increases slightly.

mations invoked break down and quantum effects start
to become important. A typical gauge of the importance
of quantum effects is the relative ratio of the de Broglie
thermal wavelength, λB = h/

√
2πmkBT , to the typical

length scale across which particles interact. Here h and
kB are Planck’s and Boltzmann’s constants, m is the
particle mass, and T is the temperature. It follows that
non-classical effects should be strongest when particles
have low mass, when temperatures are low, and when
densities are high.

While in principle one could obtain the relevant aver-
age macroscopic properties through the solution of the
Schrödinger equation, this is currently computationally
infeasible for systems consisting of a large number of
particles. Approximate treatments are therefore needed.
Much effort was dedicated to this in the 1950s and 60s and
significant progress was made. The Wigner–Kirkwood
theory1,2 was the first to describe quantum corrections
to classical interaction potentials, and this theory was
elegantly re-derived and expanded upon by Feynman and
Hibbs3 using the path-integral formulation of quantum
mechanics. Its key idea is that classical statistical me-
chanics can still be used to describe particles experiencing
quantum effects, given that they are taken to interact
through effective, temperature-dependent potentials. The
quantum-corrected potential takes the form as a series
expansion in the thermal wavelength, and to first-order
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the effective potential is given by

uFH1(r) = uC(r) + λ2
B

24π∇
2uC(r). (1)

Here uC is the classical potential, valid at high temper-
atures. Importantly, quantum corrections thus do not
introduce any new fitting parameters into the potential.
Qualitatively, the quantum corrections influence the pair
potential in three ways, as illustrated in Fig. 1: the ef-
fective particle diameter increases, the effective potential
well-depth decreases, and the range of the potential in-
creases.
The start of the century brought renewed interest in the
topic through the recognition that molecular simulations
employing these semiclassical potentials could be used to
study fluids such as helium, hydrogen and neon at low
temperatures by use of classical molecular dynamics or
Monte Carlo simulations. This simulation approach has
since been used to study phenomena such as adsorption
of hydrogen in porous materials4,5, quantum clusters6,7,
helium at low temperatures8 and quantum fluids under
confinement9. Two obstacles to this development, which
the thesis aimed to overcome, were a lack of force fields
whose range of validity included the VLE regime of the
fluids, and the lack of force fields for mixtures.
The most accurate equations of state for pure helium,
neon, hydrogen and deuterium are multiparameter EoS10.
These EoS are, however, hampered by obstacles11 that
limit their range of application. For mixtures these obsta-
cles are amplified, due to the absence of binary mixing
models needed to extend multiparameter EoS to ultracryo-
genic fluid mixtures, as well as the sufficient experimental
data to fit them. In fact, at the time of writing the thesis
no accurate EoS existed for mixtures of ultracryogenic
fluids. Wilhelmsen et al.12 tested several EoS for model-
ing the phase equilibria of helium–neon mixtures, such
as cubic EoS with advanced mixing rules13–15, sophisti-
cated corresponding-states EoS such as SPUNG16, and
PC-SAFT17. None of these EoS yielded good agreement
with measurements.

B. Method and results

We developed an equation of state for generic Mie-fluids
with first (Mie-FH1) and second-order Feynman–Hibbs
corrections (Mie-FH2). The EoS is based on perturbation
theory with a third-order Barker–Henderson expansion of
the Helmholtz energy. One aspect of perturbation theory
worked to our advantage when tackling the ultracryogenic
fluids: it is expected to converge faster for potentials with
a steep repulsion and a weak and long attractive tail18. In
fact, Feynman–Hibbs corrections have precisely the effect
of making potentials have steeper repulsion and longer
shallower tails, making perturbation theory particularly
powerful for such potentials.
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FIG. 2. Phase diagram for pure hydrogen from simulations,
EoS calculations, and experiments. Dots are simulation results
with the optimized semiclassical force field, where the star is
a scaling-law estimate of the critical point. The dashed blue
curve is the SAFT-VRQ Mie equation of state developed in
the thesis, and the black curve is a correlation of the experi-
mental phase diagram. The red dotted curve illustrates the
performance for a cubic EoS: SRK with volume shift.

Having developed the theory for generic Mie-FH1 and Mie-
FH2 potentials, we next exploited the one-to-one corre-
spondence between the EoS and the interaction potentials
to find the optimal force-field parameters to represent the
thermodynamic properties of pure neon, helium, normal-
hydrogen, ortho-hydrogen, para-hydrogen and deuterium.
The optimization procedure minimized deviations for a
range of properties: saturation densities and pressures,
saturated and supercritical heat capacities, supercritical
speeds of sound, and the critical point. Excellent agree-
ment was achieved, as illustrated for pure hydrogen in
Fig. 2.

The cross interaction potential between different compo-
nents had to be optimized based on a sparser amount of
data, and were fitted to cross second virial coefficients
and phase composition measurements of binary mixtures
of the ultacryogenic fluids helium, neon, hydrogen and
deuterium. Good agreement was achieved for the force
field simulations for all mixtures, as exemplified in Fig. 3.
Some deviations were observed for the perturbation the-
ory close to the critical point in mixtures with strong size
asymmetry, e.g. helium–neon.

In summary, the thesis presents accurate semi-classical
force fields for ultracryogenic fluids that can be applied in
molecular dynamics and Monte Carlo simulations. Con-
sidering the high accuracy with which these force fields
reproduce the existing experimental measurements, they
currently constitute an accurate, predictive and cost-
effective modeling approach for obtaining thermodynamic
properties of ultracryogenic fluid mixtures.
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FIG. 3. Phase diagram for the hydrogen-neon mixture. Crosses
are experimental measurements19,20, circles are simulation
results, and lines are calculations with SAFT-VRQ Mie. The
full lines are VLE, the dashed lines are LLE, and the dotted
lines indicate VLLE. The temperatures are 24.59 K (black),
28.00 K (red), 34.66 K (blue), 39.57 K (brown) and 42.50 K
(green).

C. Applications, extensions and implementation

Being a molecularly based SAFT-type model, two possible
extensions of the theory seem natural. One is to cast it in
the form of a density functional theory, which should be
achievable by following a methodology that is now well-
established in the SAFT community. Another extension
would be to develop a bulk equation of state for solid
phases, based on the semiclassical force field developed
here. Solid neon would be of special interest, as it is the
quantum fluid with the highest triple point temperature
and runs the risk of freezing out, e.g., in heat exchangers
of hydrogen liquefaction process designs that use helium–
neon mixtures as working fluids.

Quantum swelling – the increase in the apparent size of a
molecule as the temperature decreases – has a large im-
pact on the thermodynamic properties of the system as it
fundamentally changes the fluid structure. The optimized
semiclassical force fields quantify this important effect,
which means that they can be used to incorporate quan-
tum swelling into any classical model where the size of the
component enters as a parameter. Crucially, this can be
done in a completely predictive way without introducing
any new fitting parameters. A follow-up work21 of the
thesis exploited this idea to deduce quantum-corrections
to the covolume parameter of cubic equations of state.
These turned out to have an enormous impact on accu-
racy, e.g. by reducing the average error for the saturated
isochoric heat capacity of liquid hydrogen from 80% to 4%,
and resulted in the first cubic equation of state suitable
for ultracryogenic fluids. The direct transferability of the

intermolecular potentials to the cubic EoS confirms the
accuracy and usefulness of the potentials.

In the wake of the thesis, the implementation of SAFT-
VRQ Mie equation of state was made open source and
freely available22

II. KEY INNOVATION: CURVED INTERFACIAL
THERMODYNAMICS FOR MIXTURES

A. Background and state of the art

The foundations of interfacial thermodynamics were put
forward by Gibbs23. He introduced the concept of a divid-
ing surface, which is a hypothetical sharp surface located
in the interface region separating the bulk phases. Any
extensive property, such as the internal energy, can be
written (exactly) as the sum of the bulk values on each
side of the dividing surface, plus a surface excess that
encodes the influence of the surface. Interfacial thermo-
dynamics is the study of these excess properties, and is
complicated by the fact that these excesses depend on the
position of the dividing surface. The central quantity in
interfacial thermodynamics is the surface tension, defined
as the excess grand free energy per area of the dividing
surface24,25.

The surface tension depends on curvature, and the study
of this dependence is an active field26–37. For droplets and
bubbles the curvature can be quantified by the inverse
radius, 1/R. To apply the curvature expansion for surface
tension a second-order expansion is usually necessary,

σs(R) = σ0 −
2σ0δ

R
+ ks
R2 +O

(
1
R3

)
, (2)

position

de
ns
ity

FIG. 4. Illustration of the concept of a dividing surface for the
density profile of a planar vapor–liquid interface. The black
curve is the true density profile, while the dashed red curve
is the density profile assuming a sharp dividing surface. The
dividing surface as shown yields a positive excess number of
particles, since the light-gray area on the vapor side is larger
than the dark-gray area on the liquid side.
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which is known as the Helfrich expansion. The first-
order correction is given by the Tolman length δ, and the
second-order correction is given by the spherical rigidity
ks. Its use has historically focused on pure systems, partly
because the theory has not been developed for mixtures.

The main theoretical approach to study interfaces is clas-
sical density functional theory (DFT)24,38. In DFT, the
free energy of the system is given by a functional of the
density profiles of each component, and the equilibrium
density profiles are given by minimizing this functional.
The simplest realistic DFT is the square gradient theory
(SGT), also known as density gradient theory. Originally
developed by van der Waals39, SGT was later rederived
in many other guises and contexts, and is still widely used
today24,40,41. In SGT, the free-energy density equals a
bulk term, given by an equation of state, plus a term
proportional to the squared gradient of the density profile.
The proportionality constant is an empirical parameter
usually fitted to measured values of the planar surface ten-
sion. More sophisticated DFTs are fully predictive36,42–44,
but the predicted planar surface tensions can be highly
inaccurate for important substances such as water and
alcohols35,44. This is one reason why SGT remains an
important research tool.

B. Method and results

A whole chapter of the thesis was dedicated to explaining
and presenting the general theory for the curvature de-
pendence of surface tension for mixtures, and calculating
the curvature corrections using square gradient theory.
The main idea underlying the extension to mixtures is
illustrated in Fig. 5. A given physical process yields a
path into the metastable state space of a fluid, and this
path can be parametrized by the radius R of the equilib-
rium bubble/droplet at a given state along the path. All
thermodynamic properties can then be Taylor-expanded
in the curvature 1/R, which is zero at the binodal. Most
central is the Taylor expansion of the surface tension, as
given by Eq. (2), as it is directly linked to the free energy
of the system. The thesis presented and explained the
general theory for the curvature dependence of the surface
tension for multicomponent fluids by use of the Helfrich
expansion. To exemplify the theory, SGT was employed
for a mixture of hexane-heptane at 298.15 K to obtain the
quantitative estimates of curvature expansion coefficients
along different paths.

The thermodynamic properties along a path are highly
dependent on the path. This path-dependence issue is not
present for isothermal single-components systems, and the
thesis therefore presents the first investigation of the path-
dependence of excess properties in the thermodynamic
state space of mixtures. It was shown that the choice
of path has a decisive impact on the accuracy of the
curvature expansion, and that the path of constant bulk

µ1

µ2

S Pa

Bubble
regime

Droplet
regime

Pb

FIG. 5. Two possible paths in chemical potential-space at a
fixed temperature, passing through a saturation state (black
point), where the liquid surface curvature increases in the indi-
cated direction. The shape of the phase envelope S is typical
for vapor–liquid equilibrium of two subcritical components.
The dashed and dotted curves indicate the vapor and liquid
spinodals, respectively.

liquid composition yields the highest accuracy. For the
hexane–heptane mixture, an expansion along this path
reproduced the surface tension from SGT within 0.1% for
droplet radii down to 3 nanometers.

We also gave detailed attention to the influence of the
choice of dividing surface. It is evident from Fig. 4 that
this surface is rather arbitrary, and it is useful to know
exactly how this choice affects the curvature expansion
coefficients. We therefore established transformation for-
mulae for the curvature expansion coefficients for different
surfaces. Since these were proven from first principles,
they hold true for all thermodynamically consistent treat-
ments of bubbles and droplets. We showed that whereas
the Tolman length is independent of the choice of divid-
ing surface, the rigidity constants do and obey a simple
transformation law.

C. Application to nucleation in surface-active mixtures

The developed framework is applicable to a wide range
of fluid mixtures and can be used to accurately represent
the surface tension of nanoscopic bubbles and droplets.
A particularly important application of the curvature de-
pendence of surface tension is nucleation theory, a central
topic of the thesis. Most first order phase transitions, such
as condensation, cavitation, boiling, and crystallization
take place through nucleation. Here, the rate-limiting step
is the formation of an incipient portion of the new phase
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FIG. 6. Properties of critical droplets in the water–ethanol
mixture at 260 K calculated for CNT and c-CNT, plotted as
a function of water activity in the gas. Experimental data
are from Ref. 45. Top: ethanol activities in the gas phase
corresponding to onset of condensation. Middle: number of
ethanol molecules in the droplets. Bottom: number of water
molecules.

exceeding the critical size required to continue growing
spontaneously. This qualitative picture of the process is
the basis of classical nucleation theory (CNT), which is
the most popular model for predicting the rates of forma-
tion and properties of nucleating embryos47–49. For pure
fluids, CNT is qualitatively correct50–52. However, the
predicted rates show systematic deviations from experi-
ments, with errors reaching 20 orders of magnitude for
argon53. The surface tension crucially affects the work
of formation for a critical droplet/bubble48,54–59, and for
pure water droplets nucleating in supersaturated vapor,
incorporating the curvature dependence of the surface
tension improves the agreement between the theory and

TABLE I. Statistics for the logarithmic deviations
log10(J/Jexpt) from the experimental nucleation rates Jexpt

of Refs. 45 and 46. The average and median are calculated
using absolute values of the logarithmic deviations.

Method min max average median
ethanol–water

CNT −21.3 −0.2 10.9 12.7
c-CNT −2.3 0.9 0.8 0.5

1-propanol–water
CNT −35.2 1.5 14.8 9.5
c-CNT −2.7 2.9 1.5 1.2

the experimental results60,61.

For mixtures incorporation of curvature effects had not
been attempted, as the study of nucleation in fluid mix-
tures exposes challenges beyond those of pure systems. A
striking example is homogeneous condensation in highly
surface-active water–alcohol mixtures, where classical nu-
cleation theory yields an unphysical, negative number of
water molecules in the critical droplet. This flaw has ren-
dered multicomponent classical nucleation theory useless
for many industrial and scientific applications.

As a challenging test of the developed framework for treat-
ing curvature expansions for mixtures, the thesis there-
fore attempted to treat the surface-active alkanol–water
mixtures in detail. This constituted the first system-
atic and rigorous approach to modeling the nucleation
of surface-active systems. The corrected theory, c-CNT,
yielded a striking improvement in the accuracy compared
to CNT. As shown in Tab. I, for the ethanol-water and
propanol-water mixtures, the average error in the pre-
dicted nucleation rates is reduced from 11–15 orders of
magnitude to below 1.5. The improvement in the max-
imum error is much larger, being reduced from 21-35
orders of magnitude to below 3.

More important than the gain in accuracy, it was found
that the inconsistency was completely removed by prop-
erly incorporating the curvature dependence of the surface
tension of the mixture into classical nucleation theory for
multicomponent systems. This is illustrated in Fig. 6,
where the molecular content of the critical droplets were
deduced from rate measurements using the nucleation
theorem62.

Due to the thermodynamic consistency of the modeling
approach, the reason for the negative water content pre-
dicted by CNT could be studied in detail. The Gibbs
adsorption equation was used to explain the origin of the
inconsistency by linking the molecules adsorbed at the in-
terface to the curvature corrections of the surface tension.
In particular we derived a correction to the predicted
adsorption that is missing in classical nucleation theory:

∆Γ ≈ δ + (4δ2 − ks/σ0)/R. (3)

This expression is a salient demonstration of why the
curvature dependence of the surface tension is crucial to
capturing the adsorptions, to the extent that neglecting it
may imply a negative molecular content of one of the com-
ponents. This is especially important for surface-active
mixtures, where Tolman lengths and spherical rigidities
can far exceed their pure-component values.

The curvature-corrected nucleation theory opens the door
to reliable predictions of nucleation rates in multicompo-
nent systems, which are crucial for applications ranging
from atmospheric science to research on volcanos. Possi-
ble future directions of research are to apply the curvature
correction theory to systems with a liquid-liquid phase
split, to mixtures of aerosols and water, or to heteroge-
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neous nucleation theory. Especially interesting would be
to attempt extending the framework and expressions such
as Eq. (3) to crystallization, where the role of the crystal
morphology might play a role.
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